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It is argued that the braneworld gravity under the Schwarzschild ansatz should obey three es-
sential equations on the brane, and they are solved exactly. We express the general solution of
the fundamental equations of the braneworld in power series of the brane normal coordinate. The
power series are derived by solving three independent components of the bulk Einstein equation,
and the coefficients are recursively determined in terms of five functions on the brane. The other
components of the bulk Einstein equation are automatically satisfied, as far as the five on-brane
functions obey three essential equations. They are the radial-extra and the extra-extra components
of the bulk Einstein equation on the brane, and the equation of motion of the brane. Therefore the
solution includes two arbitrary functions on the brane. We show that the essential equations are
exactly solved by choosing an appropriate set of the two arbitrary functions. The arbitrariness may
affect the predictive powers on the Newtonian and the post-Newtonian evidences.
PACS numbers: 04.50.-h, 04.50.Kd, 11.10.Kk, 11.25.Mj
I. INTRODUCTION
Einstein gravity is successful in explaining (i) the
Newton’s law of universal gravitation for moderate dis-
tances, and (ii) the post-Newtonian evidences (light de-
flections and planetary perihelion precessions due to
solar gravity, etc.). The explanations are achieved
via the Schwarzschild solution of the Einstein equation
based on the ansatz (a) staticity, (b) spherical sym-
metry, (c) asymptotic flatness, and (d) emptiness. On
the other hand, there are many plausible reasons that
tempt us to take our 3+1 dimensional curved space-
time as a “braneworld” embedded in higher dimensions
(“bulk”) [1]–[39]. There exist naive expectations that the
braneworld theories inherit the successes of the Einstein
gravity. It is, however, not a trivial problem because they
are not based on the brane Einstein equation, but on the
bulk Einstein equation and the equation of motion of the
braneworld.
In the previous paper, we obtained the general so-
lution of the diagonal components of the equations at
the brane, and found a large arbitrariness [37]. In
this paper, we show that the braneworld gravity un-
der the Schwarzschild ansatz should obey three essen-
tial equations on the brane, and that they are exactly
solvable. We consider the general solution of the full
set of the fundamental equations all over the bulk un-
der the Schwarzschild ansatz (a)–(d) [39]. For definite-
ness, we consider the Nambu-Goto brane interacting with
the five dimensional bulk Einstein gravity. The general
solution is expressed in power series of the brane nor-
mal coordinate in terms of five functions on the brane.
The five functions should obey three on-brane equations,
the radial-extra and the extra-extra components of the
bulk Einstein equation on the brane, and the Nambu-
Goto equation. They are the equations which determine
how the brane is curved according to the dynamics, and,
hence, they are the essential equations for the braneworld
gravity. The equations are solved exactly in terms of two
arbitrary functions on the brane. The arbitrariness may
affect the predictive powers on the Newtonian and the
post-Newtonian evidences.
For the braneworlds, the Schwarzschild ansatz requires
more precise specifications of the meaning. We impose
the staticity (a) all over the bulk, while the asymptotic
flatness (c) only on the braneworld, and not necessarily
outside. As for the sphericity (b), we assume symmetry
under all the global rotations which maps the braneworld
onto itself. We assume the emptiness (d) only outside the
braneworld, and allow matter and energy distributions
within a thin region inside the brane. The empty region
is not necessarily infinite, but can be bounded due to
topological structures, other objects, or other branes.
In Sec. II, we specify the fundamental equations to be
solved. In Sec. III and IV, for the purpose of prepara-
tion, we consider the bulk Einstein equation alone (omit-
ting the Nambu-Goto equation). In Sec. V, including
the Nambu-Goto equation, we show the three essential
equations for the braneworld gravity, which are exactly
solvable with two arbitrary functions.
II. FUNDAMENTAL EQUATIONS
In order to seek for the general solution, we begin with
examining what are the equations to be solved. For
definiteness, we consider the 3+1 dimensional Nambu-
Goto type brane in 4+1 curved spacetime with Ein-
stein type gravity. Let XI be the bulk coordinate, and
gIJ(X
K) be the bulk metric at the pointXK [40]. Let the
brane be located at XI = Y I(xµ) in the bulk, where xµ
(µ = 0, 1, 2, 3) are parameters which serve as the brane
coordinate. The dynamical variables of the system are
gIJ(X
K), Y I(xµ), and matter fields. The Y I(xµ) should
2be taken as the collective modes of the brane formed by
matter interactions. Note that it is inappropriate to take
the induced metric g˜µν = Y
I
,µY
J
,νgIJ(Y
K) as a dynami-
cal variable, since it alone cannot completely specify the
state of the braneworld [40]. Then, the action integral is
given by
∫ √−g(κ−1R− 2λ)d5X − 2λ˜
∫ √
−g˜d4x+ Sm, (1)
where Sm is the matter action, g = det gIJ , R = R
I
I ,
RIJ = R
K
IJK , R
L
IJK is the bulk curvature tensor writ-
ten in terms of gIJ , g˜ = det g˜µν , and λ, κ, and λ˜ are
constants. We add no artificial fine-tuning terms. The
equations of motion are derived by varying the action (1)
with respect to the dynamical variables gIJ , Y I and the
matter fields:
EIJ ≡ RIJ − 1
2
RgIJ + κ(TIJ + λgIJ ) = 0, (2)
N I ≡ (λ˜g˜µν + T˜ µν)Y I;µν = 0, (3)
and those for matters, where TIJ and T˜µν are the energy
momentum tensors with respect to gIJ and g˜µν , respec-
tively [40]. Eq. (2) is the bulk Einstein equation, and
eq. (3) is the Nambu-Goto equation for the braneworld
dynamics.
In accordance with the ansatz of staticity and spheric-
ity, we introduce time, redial, polar and azimuth coordi-
nates, X0 = t, X1 = r, X2 = θ, and X3 = ϕ, respec-
tively, and the normal geodesic coordinate X4 = z, such
that Xµ = xµ (µ = 0, · · · , 3) and z = 0 on the brane.
According to staticity and sphericity we can generally
choose the metric tenser gIJ of the form
ds2 = gIJdX
IdXJ
= fdt2 − hdr2 − k(dθ2 + sin2 θdϕ2)− dz2, (4)
where f , h and k are functions of r and z only, and we
choose as k|z=0 = r2 using deffeomorphism. Asymptotic
flatness of the brane implies that
f, h→ 1 as r→∞ at z = 0. (5)
The independent non-vanishing components of the Ricci
tensor RIJ are
R00 = −fzz/2 + fz2/4f − fzhz/4h− fzkz/2k
−frr/2h+ fr2/4fh+ frhr/4h2 − frkr/2kh, (6)
R11 = hzz/2− hz2/4h+ fzhz/4f + hzkz/2k
+frr/2f − fr2/4f2 − frhr/4fh
+krr/k − kr2/2k2 − krhr/2kh, (7)
R22 = kzz/2 + fzkz/4f + hzkz/4h
+krr/2h+ frkr/4fh− hrkr/4h2 − 1, (8)
R44 = fzz/2f + hzz/2h+ kzz/k
−fz2/4f2 − hz2/4h2 − kz2/2k2, (9)
R14 = fzr/2f + kzr/k − fzfr/4f2
−hzfr/4fh− hzkr/2hk − kzkr/2k2, (10)
where subscripts r and z indicate partial differentiations.
The ansatz of staticity and sphericity also indicate that
the only independent nonvanishing components of the
energy momentum tensors are T00, T11, T22, T14, T44,
T˜00, T˜11 and T˜22.
III. OFF-BRANE SOLUTION OF THE BULK
EINSTEIN EQUATION
We first solve the bulk Einstein equation (2) alone
without brane dynamics (3). We have five equations for
three functions f , h and k. The equations are not all
independent because the conservation law holds:
gJKEIJ;K = 0. (11)
We rewrite the equation (2) into the equivalent form
RIJ ≡ RIJ + κ(TIJ − TgIJ/3− 2λgIJ/3) = 0, (12)
which is more convenient in deriving solutions below. In
terms of RIJ , we have EIJ = RIJ − RgIJ/2. For RIJ
with (6)–(10), the conservation law (11) is written as
R14,4 = − 1
2f
R00,1 − 1
2h
R11,1 + 1
k
R22,1 + 1
2
R44,1
−
(
fr
2f
− hr
2h
+
kr
k
) R11
h
−
(
fz
2f
+
hz
2h
+
kz
k
)
R14, (13)
R44,4 = − 1
f
R00,4 + 1
h
R11,4 + 2
k
R22,1 − 2
h
R14,1
−
(
fr
f
− hr
h
+
2kr
k
) R14
h
−
(
fz
f
+
hz
h
+
2kz
k
)
R44. (14)
We expand quantities in terms of z. We denote by F [n](r)
the coefficient of the zn term in the expansion of any
function F (r, z):
F (r, z) =
∞∑
n=0
F [n](r)zn. (15)
The operations of [n] obey the reduction rules
(F +G)[n] = F [n] +G[n], (cF )[n] = cF [n], (16)
(FG)[n] =
∑n
k=0
F [k]G[n−k], (17)
F−1[n] = −
∑n−1
k=0
F−1[k]F [n−k]F−1[0], (18)
where F and G are functions and c is a constant. Let us
assume R00 = R11 = R22 = 0. Then, we have
R[n]14 =
1
n
[
1
2
R44,1 −
(
fz
2f
+
hz
hf
+
kz
k
)
R14
][n−1]
, (19)
R[n]44 =
1
n
[
− 2
h
R14,1 −
(
fr
f
− hr
h
+
2kr
k
) R14
h
−
(
fz
f
+
hz
h
+
2kz
k
)
R44
][n−1]
(20)
3for n ≥ 1. According to (16)–(18), the right-hand side of
eqs. (19)–(20) are linear combinations of R[j]14 and R[j]44
with 0 ≤ j ≤ n− 1 and their r-derivatives. Therefore, if
we have R[0]14 = R[0]44 = 0, we can conclude that R[n]14 =
R[n]44 = 0 for any n ≥ 1. Thus, the independent equations
to be solved are
R00 = R11 = R22 = 0 in the bulk and (21)
R14 = R44 = 0 on the brane. (22)
If we keep (21), we can replace (22) by
E14 = E44 = 0 on the brane. (23)
This is because
E14 = R14, (24)
E44 = (R44 −R00 −R11 − 2R22)/2. (25)
When (6)–(10) are applied, the last equation of (22) in-
cludes second derivatives fzz, hzz and kzz, while that of
(25) does not.
Here, we consider regions where TIJ = 0. Then the
equations in (21) imply the recursion formulae
f [n] =
1
n(n− 1)
[
fz
2
2f
− fzhz
2h
− fzkz
k
−frr
h
+
fr
2
2fh
+
frhr
2h2
− frkr
kh
− 4κλf
3
][n−2]
, (26)
h[n] =
1
n(n− 1)
[
hz
2
2h
− fzhz
2f
− hzkz
k
− frr
f
+
fr
2
2f2
+
frhr
2fh
− 2krr
k
+
kr
2
k2
+
frkr
kh
− 4κλh
3
][n−2]
, (27)
k[n] =
1
n(n− 1)
[
− fzkz
2f
− hzkz
h
−krr
h
+
frkr
2fh
+
hrkr
2h2
+ 2− 4κλk
3
][n−2]
(28)
for n ≥ 2. According to (16)–(18), the right-hand side of
eqs. (26)–(28) are written in terms of f [j], h[j] and k[j]
for 0 ≤ j ≤ n− 1. For example, for n = 2,
f [2] =
1
2
(
f [1]2
2f [0]
− f
[1]h[1]
2h[0]
− f
[1]k[1]
r2
−f
[0]
rr
h[0]
+
f
[0]
r
2
2f [0]h[0]
+
f
[0]
r h
[0]
r
2h[0]2
− 2f
[0]
r
h[0]r
− 4κλf
[0]
3
)
, (29)
h[2] =
1
2
(
h[1]2
2h[0]
− f
[1]h[1]
2f [0]
− h
[1]k[1]
r2
−f
[0]
rr
f [0]
+
f
[0]
r
2
2f [0]2
+
f
[0]
r h
[0]
r
2f [0]h[0]
+
2f
[0]
r
h[0]r
− 4κλh
[0]
3
)
, (30)
k[2] =
1
2
(
− f
[1]k[1]
2f [0]
− h
[1]k[1]
h[0]
− 2
h[0]
+
f
[0]
r r
f [0]h[0]
+
h
[0]
r r
h[0]2
+ 2− 4κλr
2
3
)
, (31)
where we used k[0] = r2 chosen using diffeomorphism.
Similarly, we can inductively determine f [n], h[n] and k[n]
in terms of f [0], h[0], f [1], h[1] and k[1] for any n > 2.
Therefore, if f , h and k and their z-derivatives are given
at the brane, f , h and k off the brane are given in the form
(15) as far as it converges. We expect that there exist
regions where it converges around the brane and off the
core of the sphere. Continuations would be possible by
expanding the functions again around other points. The
regions where continuation fails can be taken to exhibit
some physical structures there. Thus, what determine
the braneworld solution are the five functions f [0], h[0],
f [1], h[1] and k[1] of r.
IV. ON-BRANE SOLUTION OF THE BULK
EINSTEIN EQUATION
The five functions f [0], h[0], f [1], h[1] and k[1] should
obey eq. (22) which is written as
f
[1]
r
2f [0]
+
k
[1]
r
r2
=
f [1]f
[0]
r
4(f [0])2
+
h[1]f
[0]
r
4h[0]f [0]
+
h[1]
h[0]r
+
k[1]
r3
, (32)
f [2]
f [0]
+
h[2]
h[0]
+
2k[2]
r2
=
f [1]2
4f [0]2
+
h[1]2
4h[0]2
+
k[1]2
4r4
− 2κλ
3
.(33)
If we eliminate f [2], h[2] and k[2] from (33) with (29)–(31),
we get
f [1]h[1]
4f [0]h[0]
+
f [1]k[1]
2f [0]r2
+
h[1]k[1]
2h[0]r2
+
k[1]2
4r4
= R˜− κλ, (34)
where
R˜ = − 1
h[0]
[
f
[0]
rr
f [0]
− (f
[0]
r )2
2(f [0])2
− f
[0]
r h
[0]
r
2f [0]h[0]
+
2f
[0]
r
f [0]r
− 2h
[0]
r
h[0]r
− 2h
[0]
r2
+
2
r2
]
(35)
is the scalar curvature of the brane. Eq. (34) is equiva-
lent to E44 = 0, and eq. (32) is the same as E14 = 0 since
R14 = E14. We have two independent differential equa-
tions (32) and (34) for five functions f [0], h[0], f [1], h[1]
and k[1]. Hence, their solution includes three arbitrary
on-brane functions. They are solvable linear differential
equations as will be seen below. Once the on-brane solu-
tion is obtained, its off-brane form is always given by (15)
with the coefficients inductively determined by (26)–(28).
We assume nothing about the bulk other than the ansatz
(a)–(d), allowing even singularities. Therefore, the on-
brane equations (32) and (34) are essential to determine
the general solution.
Let us solve the essential equations (32) and (34). Let
the functions
u = −2f
[1]
f [0]
, v = −2h
[1]
h[0]
, w = −2k
[1]
k[0]
(36)
4be arbitrary. Then, (32) and (34) become
ur + 2wr + (u− v)f [0]r /2f [0] + 2(w − v)/r = 0, (37)
R˜ = 2uv + 4uw + 4vw + 2w2 + 2κλ. (38)
If u 6= v, eqs. (37) and (38) become the linear differential
equations
f [0]r − Uf [0] = 0, (39)
(1/h[0])r + P/h
[0] = Q (40)
for f [0] and 1/h[0] with
U = 2[−ur − 2wr + 2(v − w)/r]/(u− v), (41)
P = [2Ur + (U + 2/r)
2]/(U + 4/r), (42)
Q =
−κλ+ 1/r2 − uv − 2uw − 2vw − w2
U/4 + 1/r
. (43)
The solution of eqs. (39) and (40) is given by
f [0] = e
−
∫
∞
r
Udr
, (44)
h[0] = e
−
∫
∞
r
Pdr
[
1−
∫ ∞
r
Qe
−
∫
∞
r
Pdr
dr
]−1
. (45)
If u = v, the functions f [0] becomes arbitrary, and eqs.
(37) and (38) become linear differential equations for w
and 1/h[0]. The solution is given by
w = −r−1
∫ ∞
r
(u− rur/2)dr (46)
and h[0] in (45) with P and Q obtained by the following
replacements in (42) and (43). Replace U by f
[0]
r /f [0] and
w by the expression in (46). The ranges of integration
in (44), (45) and (46) are chosen in accordance with the
asymptotic flatness of the brane. The denominators in
(42) and (43) are not identically vanishing because, if so,
we have f [0] = C/r4 with a constant C, and the brane
cannot be asymptotically flat. Then, the solutions for
f , h and k given by (15) and (26)–(28) with f [0], h[0],
f [1], h[1] and k[1] by (36), (44) and (45) expire all the
solutions of the bulk Einstein equation (2) (alone) under
the ansatz (a)–(d) with TIJ = 0.
V. ESSENTIAL EQUATIONS FOR
BRANEWORLD GRAVITY
Now we turn to the solution for the “braneworld”. It
is a thin physical object accompanied by matter distri-
bution in the region |z| < δ, where δ is the infinitesimal
thickness of the brane. The expansions in z in the pre-
vious chapter is possible in the empty regions D± with
±z > δ. At |z| < δ, however, the bulk Einstein equation
with concentrated energy distribution indicates that u, v
and w should have a gap across the brane. We assume
dominance of the collective mode Y I in SY in (1) over
the other terms from Sm in the energy-momentum tensor.
In the present coordinate system, the collective mode is
given by z = 0. Then, the bulk Einstein equation (2) at
|z| < δ implies for α = u, v and w
α|z=0 = (α|z=δ + α|z=−δ)/2 ≡ α¯ (47)
α|z=δ − α|z=−δ = κλ˜/3, (48)
where the last equality in (47) defines u¯, v¯ and w¯. The
Nambu-Goto equation (3) implies
u¯+ v¯ + 2w¯ = 0. (49)
We apply the solution in the previous chapter in D±. At
z = ±δ, we have the similar equations as (37) and (38)
with u(±), v(±) and w(±) in the places of u, v and w,
respectively. The sums of them at z = ±δ give
u¯r + 2w¯r + (u¯− v¯)f [0]r /f [0] + 2(w¯ − v¯)/r = 0, (50)
R˜ = 2u¯v¯ + 4u¯w¯ + 4v¯w¯ + 2w¯2 + κ2λ˜2/3 + 2κλ, (51)
while the differences trivially hold as far as we have (49).
Now, we have three equations (49)–(51) for five functions
f [0] and h[0], u¯, v¯ and w¯. Hence, their solution includes
two arbitrary on-brane functions. They are solvable lin-
ear differential equations. If we choose u¯ and v¯ arbi-
trarily, we have the same solution as (44), (45) and (46)
with u, v, w and λ replaced by u¯, v¯, −(u¯ + v¯)/2 and
λ + κλ˜2/6, respectively. Once the on-brane solution is
obtained, its off-brane form is always given by (15) with
the coefficients inductively determined by (26)–(28). It
expires all the solutions of our premised system. There-
fore, we conclude that the on-brane equations (49)–(51)
are essential to determine the general solution. They are
the equations which determine how the brane is curved
according to the dynamics, and, hence, they are the es-
sential equations for the braneworld gravity.
The general solution involve large arbitrariness, which
may affect the predictive powers of the theory on the
Newtonian and the post-Newtonian evidences. It in-
cludes not only the the ordinary Schwarzschild solution
on the brane, but also continuously deformed solutions
which do not satisfy the brane Einstein equation. It im-
plies arbitrarily deformed Newtonian potentials, and ar-
bitrary amounts of light deflections and planetary peri-
helion precessions due to solar gravity. We need further
physical prescriptions to make these predictions. For, ex-
ample, conditions for the bulk behavior may improve the
situation. It is an urgent open problem of the braneworld
theories. The idea of the brane induced gravity [5], [13],
[21], [22], [24], [31], [32] may give a way out of this dif-
ficulty. The brane Einstein gravity emerges through the
quantum effects of the brane [42]. The composite metric
serves as the effective dynamical variable, just like the
quantum-induced composite field which are well under-
stood in some classes of models [43].
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